
Lecture 2:
Reaction-diffusion waves



Fisher – KPP equation (1937)

F(u)=u(1-u)

Existence for all speeds > or = 
minimal velocity
Global convergence to waves

u(x,t) = w(x-ct) w’’ + c w’ + F(w) = 0 



Zeldovich – Frank-Kamenetskii 
(1938)

F(u)=exp(Zu) (1-u)

Infinitely narrow reaction zone method: 
speed of combustion waves and later 
stability



Mathematical analysis: scalar equation (1950s 
– 1980s)

Kanel, Fife-McLeod, Hadeler-Rothe, Uchiyama,…

Monostable: existence for c>=c0, 
convergence, minimal  wave speed

Bistable: existence, uniqueness, convergence, 
wave speed

Unstable: non-existence

General F(u): systems of waves



Wave existence: scalar equation







Existence theorem 

Theorem 1. In the monostable case with a positive 
function F(u) the waves exist for all values of the speed 
greater than or equal to the minimal speed.





Exercices. Valeurs propres des matrices 2x2.



Exercice. Les valeurs propres et les types du point stationnaire d’un système 2x2.











c < c_0 ?





Existence theorem 

Theorem 2. In the bistable case (condition on F(u)) the 
wave exists for a unique value of speed.





Reaction-diffusion systems: 
monotone systems 

Bistable: existence, uniqueness, 
convergence to waves, minimax 
representation of the speed

Monostable: existence for c>=c0, 
stability, minimax representation of 
the minimal wave speed

Unstable: non-existence



Examples and applications



Cellular flames

M. Gorman, et al.

Bifurcation analysis:
Sivashinsky, 
Matkowsky, …



Other examples of reaction-diffusion 
waves: excitable medium

A. Zhabotinskii. 
Concentrational auto-
oscillations. 1974.



Population dynamics

 Propagation of dominant gene
 Competition of species
 Prey-predator
 Theory of speciation



Ecological invasions

Skellam, 1951

Model: KPP



Population dynamics
Single species

Competition of species

F(u)=u(1-u) – asexual reproduction

F(u)=u^2(1-u)-bu – sexual reproduction



Bio-medical applications: tumor growth



Atherosclerosis



Atherosclerosis

small                              intermediate                        high

Cholesterol level:



Reaction-diffusion system



A model of immune response: 
Delay RD equation

Local virus concentration in the tissue (lymph node, spleen)

Immune response:

Time delay
Growth for small load
Decay for large load



Virus spread without time delay

Three regimes 
of infection 
spreading:

Low dose
High dose
Low-High dose



Complete problem (num simulations)


