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We consider, on Q = (0,1) x (0, 1), a diffusion problem where
the diffusion velocity is very small in the direction x4 (¢ ~ 0)

—e20% U, — 05 u. =f inQ,
u-=0 on 0Q.

When ¢ — 0 the candidate limit is uy solution to

—9,Uo (-, x) =f dans (0,1),
u- =0 sur {0,1}.

Different issues are developed around the study of the limit

u. — U lorsque ¢ — 0.
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Arbitrary domains

X; € RP. X, € R"P, Q : a bounded open subset of R”.
Q= { X | (X1, X2) € Q}, g, = { X1 | (X3, Xe) € Q).
Let A = (aj(x)) be a n x n definite positive matrix. We
decompose A into four blocks by writing

A1 Az >
A= ,
( Az Ao
where Aq1, Az are respectively p x pand (n—p) x (n—p)
matrices. We then define for ¢ > 0, the perturbed matrix,

2A A
A= A A )
( Ay Ax

Let us consider the following elliptic problem
/ A:Vu. - Vvdx = (f,v),
Q (1)
Us € H(1J (Q)v
fel2(9Q).
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Arbitrary domains

When ¢ — 0 the candidate limit of u. is uy = up(X7, -) defined
for a.e. X; € Mg as solution to v € H}(Q),

A22VX2 Uo(X1 , Xg) . VXZ V(Xg) dX2 = / f(X1 s X2) V(Xg) dX2
Qx, Qx,
uo(X1,-) € Hy(Qx,)-
(2)
We now have to precise in which sense the convergence
u. — U will take place.

We have

eVx,Us — 0, U — Uy, VU — Vx,Uo in L2(Q).
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[e]e] J

Arbitrary domains

Proof:

Y U, eV U, |[Vx,u:| are bounded in L2(Q).

Y U, — Uy, Vx,Us = Vx,Up and eVy, u. — 0in L2(Q).
v Passing to the limit, we obtain

/Aggvxzuo-vxzvdx:/fvdx Vv e H(Q).
Q Q
v We can show

V x, Ue V x, Ue
l. = A 1 . 1 d. 0. 3
/Q <VX2(U5—U0)> (sz(ue—uo)> =0 ()

v It follows that eV x, u. — 0,
U. — Ug Vx,Us — Vx,Up in L3(Q).
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the problem (2) can be written, for all v € H} (w2)

{ Ao (X1, X2) VxUo - Vv dXo = | (X, X2) vdXe
wo w2
Uo (Xq,-) € H{(w2).
(4)
Note that
Up & HY(Q) = Vx,U: = Vi, Up. (5)

Nevertheless, we can show that (w} CC wy)
U = ol iz (g )+ [V (U = U0)] 12 ) = O 0
Vx, U — Vx, Up weakly in L? (w] x wp).
Moreover if we suppose that Aj; = AL, =0, Then we have

Vx, (U: — Uo)}Lz(

|u: — UO\Lz(quWZ) ) =o0(e),

|Vx, (Us — Uo)| 2., y=0(1), U — upinH ().

W} ><w2)
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o] ]
Cylindrical domains
A necessary and sufficient condition to obtain the above
convergence

/A~|2VX2U0~VX1VdX+/ A21VX1U0’VX2VdX:0 Vv e H&(Q).
Q Q

(6)
11

For example if A = <0 1

) we have
U- — U in H' (') <= up is independent of x;.
If up = up (X2), the hypothesis (7) can be reduced to
/ A2V x,lo - Vv ax = 0 ¥v € HL(Q).
Q

Moreover
|Ug - 0‘H1(Q/) § Ce_g.
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Asymptotic Expansion

A rate of convergence as
U. — g = o(e) inL? (wq X wg) , wi CCwy
can not take place if
Vx, - A12Vx,Up + Vx, - A1 Vx Up # 0 on wy X wa. (7)

In order to improve the rate of convergence, we consider an
approximation w. of u. depending on ¢ expressed as a
polynomial in ¢ i.e.

WEN:UO—I-EU1 —i—---—‘r{fNUN.
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Formally, if we substitute the asymptotic expansion into (1), we
then deduce that the coefficient uy are solutions, for a.e.
Xi e w1, to
—Vx, - (AaVx,Uo(X1,-)) = f(X1,-) inwy,
(X1, ) € Hy(wz),

and for N > 1

—Vx, - (AoVx,Un(X1,")) = Vx, - (A11Vx Un—2(X1,"))

+Vx, - (A12VxUn-1(X1,-))
+Vx, - (A1 Vx Un—1(X1,"))  Inws,
UN(X1 , ) S H& (w2).

(U4 =0)
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Smoothness results

In order to define w. as function we need the following
regularity theorem.

Theorem

Letm e N and g € L?(Q) such that
DY g € L3(Q), DX Az € L¥(Q).

The elliptic boundary problem

{Vx2 (AVx,u(Xi,-)) = 9(Xi,:) inws, @
u(Xy,-) € Hg(wa)-
has a unique solution u satisfying

DR u, DY (Vxu) € L3(Q). (9)

( DY denotes the mixed derivatives in X; of order up to m).
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To ensure the existence of uy in H'(Q) we need
D3, A1, D%, Arz, Dy, Azz € L™(Q),
D3, Un—2, D%, un—1, D%, Dy, un—1 € L3(Q).

Applying the above theorem many times we deduce that this
leads to

DY A1, D)A(ﬁHAm, DY Azi, DY Az € L(Q),

DY uo, DY Dy, up € L3(Q).
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Main results

This implies that

DY A11, DY Arz, DY Aot, DY Agp € L°(Q), DYM'fe L2(Q).
(10)
We set Ry(-;¢) = U — Z,’\LO e'uj.

For any w) CC wy, it holds that, when e — 0, in L? (w} x ws),

Rn(-€), Vx,An(-e) =0 <5N+1> , Vx,An(ie) = O(

™
2
~—

The tool:
suppp Cwy, p=Tonuwi, 0<p<1 et |[Vxo/<C. (12

Then testing with v = p2R. € H}(Q),
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Main results

Suppose that (10) holds for N + 1,

N+1 N+14+1 N+1 N-+1+4+1
D)(;L A117 D)(1+ + A127 D)(1Jr A217D)(1+ + A22 € LOO(Q)a

DY e L3(Q).
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(o] lo}

Main results

Suppose that (10) holds for N + 1, then in particular we have
[V A1 (592 gy = O (1) (13)
This implies
Vx, An(ie) = Vi, A1 () + eNF1Vx g = O (5N+1)
Then we end up with

[RNC €)1 () ) = o). (14)
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Main results

Theorem

Consider the following assertions, for any v} CC wy,

i) UN+1 = O,,
ii) the following condition holds,

VX1~(A11VX1 UN_1)+VX1-(A12Vx2UN)+Vx2-(A21VX1 UN) =0in€),
(15)
iiij)ase — 0
et |:Ua_(U0+€U1 —i-'--—l-ENUN)} —0in L2 (w) x wp),

iv)ase — 0,

Us — (Up +eug + -+ eNuy) = O(ENT2) inV (w) x wp),
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Main results

Theorem

V) uns1 =0, uni2=0,
vi) the conditions (??) and the following hold

VX1 o (A11VX1UN) =0 inD (Q)

vii) us, =0, Vk > N,
viii) as — 0,

2V, [ue— (Uo + euy —|—-~—|—€NUN)} —0 inL®(w] x wp)

ix) ase — 0 and for some n > 0,

U — (Up +euy + -+ eNuy) = O (exp(2))  in H' (w) x wa).
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Main results

Then we have

) & i) & il & iv) < V) & Vi) S Vil) < Vill) < D).
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°
Diagonal structure

If Ais a diagonal matrix by block
(A O
A= ( 0 Ax ) ’

Uoki1 = 0, k € N.

we have

Then, it follows that

Aon ()l i2ugmar) VRPN (8] 2 ) = O(2N+2)
95 Ao (59) ) = O
Moreover, if we replace in (10), 2N by 2N + 2

|Ron () st ) = O(€2VH). (15)
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Cylindrical symmetries

We suppose that

o A (X4, X)) A2 (X2)
A( As2 (X2) A22(X2)>

where Ay is a first order polynomial in Xy and f is a polynomial
of degree k € N, i.e.

f(X1,X) = > X{'f fo € L2 (wp).

la|<k

Under the above assumptions, there exist constants C,a > 0
independents of € > 0 such that

|Rak(-5€) 11t ) < CE= - (16)
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Cylindrical symmetries

Formally, if we substitute the asymptotic expansion into (1), we
then deduce that the coefficient uy are solutions, for a.e.
X €wy, to
—Vx, - (A2Vx,Uo(X1,")) = f(X1,-) inwa,
(X1, ") € Hy(wa),

and for N > 1

—Vx, - (AoVx,un(X1,-)) = Vx, - (A11Vx Un—2(X1,"))

+Vx, - (A12Vx,Un—1(X1,-))
+Vx, - (A1 Vx Un—1(X1,"))  Inws,
un(X1,-) € HY(w2).

(U4 =0)
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We have
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Correctors

We consider the problem

—20% U — Dyt = inQ =(0,1) x w,
~ ou. (17)
u. =0 on 9O\ {0} x w, a—:o on {0} x w.
Xi
We have
U. — Up in H'((0,1 - a) x w)

The aim next is to describe the behaviour of u. near the section
{1} xw:

U. — Ug — W. — 0 in HJ(Q). (w.is a corrector)

It is clear that w. has to satisfy

w. — 0 in H3((0,1 —a)xw)etw. =—ug on {1} x w.



Correctors

The choice of the corrector is based on:
Lemma
Si w is a solution to

{AW =0 in (0,+00) X w,

w=—up on {0} xw, w=0 on (0,+00) X Ow,

There exists C > 0, « > 0 independent of ¢ such that

/ \VW\ZdXSCe‘?/ IVwldx, S, = (f,4+0) X w.
S So

€

The corrector is defined by

WE(X1,X2): W<1 _€X1,X2> .



Correctors

By consequence, we have

Theorem
e l?(Q), oxfel?(Q), then

U — Uy — W€|L2(Q) . |V, (Us — ug — Wg)\LZ(Q) = 0(e),
’8X1 (Us — U — Wa)‘LZ(Q) = 0(1)

Moreover, if ug is independent of X; we obtain

/~ IV (u: — tp — w.)|?dx < Ce™ < .
&
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Abstract problems

—e0% U. — 0% U = f.

An abstract approach to this theory is given in (E.
Sanchez-Palencia 1992, S. Zhang 2006) where the following
operator equation is considered

eAu. + Bu. = f.

where A and B are linear operators defined on Hilbert spaces.
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Abstract problems

There are also some previous works on singular perturbations
of variational inequalities (Lions, Stampacchia 1968,
Stampacchia 1969)

(AU, V — U)y + (BUz, v —Us)yy > (F,V—U)yaw s YV €K,
u- € K,

A:V =V B:W— W:monotone operators V C W.



Abstract Singular Perturbations
00000000000

Abstract problems

(AU, V — Us)y + (BUz, v —U)yy > (F,V—U)yaw s YV €K,
{ u- € K,

A:V >V B:W— W:monotone, bounded, coercive and
hemicontinuous.
(V,|-ly) et (W, |-|) : (separable, reflexive Banach spaces),
VniWwW=V W.
K # @: a closed convex set of VN W :
fe(vVn W)’, e > 0, there exists a solution u. € K.
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Abstract problems

Suppose that f € W' and let u. be solution to (??). Then we
have when e — 0

(/) u- is bounded in W independently of ¢, (18)
(if) eu: —» 0in V, (19)
(iii) eAu: — 0in V', (20)
(iv) (eAuc, u.), — 0. (21)
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Abstract problems

u. is bounded in W,
Suppose that |u. — v|,y, is unbounded. For some sequence

ex — 0 one has then

|ng — V0|W — 4-00.
Taking v = vy in the variational equation, we derive

ek (AU, Uz — Vo) y + (BUey, Uey — Vo) < (FUs, — Vo)
< |l e, — Vol -
It follows that

ek (Aley, Uy = Vo)y | (Bly Uey — Vodyy _ If] (22)
— ! -
’USK_VO’W ‘ng—VO‘W !

This is impossible.
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eu. — 0 inV,
Since

e(Au:,u. —vo)y < C (23)
for some constant C independent of . If (u. — vp) is not
bounded in V, we have -up to a subsequence-

|Us - VO|V
(AUs, U: — Vo) y

elu:—wly <C — 0

(eAug, uz),, — 0.
From the monotonicity of A we have

e(Auz, V), <e(Au., u:), + (Av,e (Vv — U.))y - (24)
and from the variational inequality we get

e (Au:, Uz)y < (eAug, o)y + C.
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Thus,
(AU, V—Vy)y < C+ (Av,e(V—U:))y, (25)

Choosing v € vy + B4, where B4 is the unit ball of V, we arrive
to
€ <AU8, V1>V < C/, Yvq € By,

and for some subsequence
eAu. — ¢ in V',
Passing to the limit in (25) we derive
(Y, v—wvy)y <C, VveV

and thus ¢ = 0.
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For any v € K we have by the variational inequality and the
monotonicity of B

e (AU, Us)y < (AU, V) + (Fu. — V) + (B, v — U) -
Let (ex), be a sequence such that

ek (AU, Usy )y — Eli_rn)sups (AUg, Ug)y , Ug, — Uin W.

Then passing to the limit

Iimosups<Au£,u€>V <(f,bu—-Vv)y+(Bv,v—-1u)y,YveK.
e—
(26)
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Since K is convex, there exists a sequence v, € K such that
Vh — 0. Thus

lim supe (Au., u:), < 0.

e—0

Thanks to the monotonicity

lim infe (Au., u.),, > 0.
e—0

cAu. — 0in V.
For every v € By,

e(Au:,vi)y < e(Aus, Uz)y + |Avly (e + |ele]y)
< e(Au.,u;)y + C(e+ |euc|y) — 0.
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When e — 0, if u,, — U in W, then u is a solution of

(27)

(Bi,v—1T)y > (fv—10)y, vveKY,
e K",

and Bu., — Buin W', (Bu.,, Us,) , — (BU, T) .
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When e — 0, if u,, — U in W, then u is a solution of

R = el
{(Bu,v Uy > (f,v=0),, vveK?Y (27)

e kW,

and Bu., — Buin W', (Bu.,, u.,), — (BU,U)y, . If Bis
strongly monotone in the sense that for some § > 0 and 5 > 1

<Bu—Bv,u—v>W26|u—v|/3, vv,ue W (28)
then the solution & of (27) is unique and one has

u. — o inW.
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If the variational inequality (27) has a solution in V, then u. is
bounded in V and there exists always a sequence u., such that

U, — U in Vand W, (29)

where U € K is solution to (27).
In addition if B satisfies (28), one has

\uE—D\W:o(s”ﬁ). (30)
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Let us consider the following variational inequality defined as
/ a(x,Veu.) - Ve (ve — u.)dx > (f,v. — u€>W1,p(Q), Vv, € K,
Q 0

u:- € K.
(31)
where K. # @ is a closed convex subset of W(] P(Q) for all
e > 0. We make the following standard assumptions:
Carathéodory condition, Growth condition, Monotonicity,
Coercivity.

Theorem

Assume in addition that there exists a sequence
(W.) € WP (Q), w. € K. foralle > 0, s.t.

eVx,Ww. and Vxw. areboundedin LP () (32)

independently of ¢, then u. satisfies the same estimates.
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(AU, V — Us)y + (BUz, v —U)yy > (F,V—U)yaw s YV € K,
u- € K,

Examples:
Isotopic S.P.

u- € Ko = {veH (Q)v(x) >0, ae. x €Q},

5/Qa(Vu5)-V(vu5)dx+/ dx>/f V—U)
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(AU, V — Us)y + (BUz, v —U)yy > (F,V—U)yaw s YV € K,
u- € K,

Examples:
Anisotropic S.P.

—eAx, U — AxU- +g(x,u:) =f dans Q,
u- € HH (Q)NLP(Q),
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Abstract problems

(AU, V — Us)y + (BUz, v —U:)yy > (F,V—U)y s YV € K,
u. € K,

Examples:
Anisotropic S.P.

—elp, x,U: — Dp, x,U- = dans Q,
u-=0 sur 09.
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Mosco convergence type

The sets lim,._,oK: and lim__,oK: are defined as
w € as-—lim__ K. iff
Iw. e K., eVx W, Vx,(W. —w) — 0 inlP(Q), ase—0.
w € aw— WEHO K. iff

w, € K., , ekVx,Wey, Vi, (We, —w) — 0 inlP(Q), asex — 0.

We say that the sequence (K:) of subsets of W(} P(Q)
converges to K (K. 2 K), if

aw — lim._oK. = as — lim__ K. = K.
where K is a closed convex set in

W(Q) = {ue lP(Q)|Viue P @7, u(Xi,:) e WP (),
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Theorem

Assume that K. % K as = — 0, then -up to a subsequence- we
have

U =0 eVxu. =0, Vxu. —VxiU inlP(Q), (33)
where U is a solution to

/Qa(x, Vx,U) -V, (v—u)dx > (f,v— u>W(Q), Vv € K,

uek

Moreover, if a is strongly monotone then the previous
convergences hold strongly.
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Mosco convergence type

Obstacle problems

Fore > 0, set

K. — {ve WP (Q)| v > . ae. in Q}

Y. € WP (Q). Assume that
eVx,e =0, Ve = Vxio inLP(Q) ase — 0.

Then
K. 2 K:={veWw(Q)|v>ae. inQ}.
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Mosco convergence type

An elasto-plastic problem

We set

K. = K, == {v e WP(Q)| |Vov| < B. ae.in Q} :
Be € L (). Assume that

eVx,fe =0, Vx,B: = Vx,fBo inL>(Q) ase — 0.
where fy > 0 a.e. in Q, then

Ks. 5 Kgp = {vewW(Q) | |[Vxv| <Boae inQ}.
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